Symplectic Field Theory of the Galilean Covariant Scalar and Spinor
  Representations by Petronilo, Gustavo Xavier Antunes et al.
ar
X
iv
:1
90
9.
13
73
7v
2 
 [h
ep
-th
]  
1 O
ct 
20
19
Symplectic Field Theory of the Galilean Covariant Scalar and Spinor Representations
Petronilo, G.X.A.
Centro Internacional de F´ısica da Mate´ria Condensada, Universidade de Bras´ılia and
Campus Universita´rio Darcy Ribeiro, Bras´ılia-DF — CEP 70910-900∗
Ulhoa, S. and Santana, A.E.
Centro Internacional de F´ısica da Mate´ria Condensada, Universidade de Bras´ılia and
Campus Universita´rio Darcy Ribeiro, Bras´ılia-DF — CEP 70910-900
(Dated: October 3, 2019)
Exploring the concept of the extended Galilei group G, a representation for the symplectic quan-
tum mechanics in the manifold of G, written in the light-cone of a five-dimensional de Sitter space-
time, is derived consistently with the method of the Wigner function. A Hilbert space is con-
structed endowed with a simplectic structure, studying unitary operators describing rotations and
translations, whose generators satisfy the Lie algebra of G. This representation gives rise to the
Schro¨dinger (Klein-Gordon-like) equation for the wave functions in phase-space, such that the de-
pendent variables have the position and linear momentum contents. Wave functions are associated
with the Wigner function through the Moyal product, such that the wave functions represent a quasi-
amplitude of probability. We construct the Pauli-Schro¨dinger (Dirac-like) equation in phase-space
in its explicitly covariant form. Finally, we show the equivalence between the five dimensional for-
malism of phase-space with the usual formalism, proposing a solution that recover the non-covariant
form of the Pauli-Schro¨dinger equation in phase-space.
I. INTRODUCTION
In 1988 Takahashi et. al. [1] began a study of Galilean
covariance, where it was possible to develop an explicitly
covariant non-relativistic field theory. With this formal-
ism, the Schro¨dinger equation takes a similar form as
Klein-Gordon equation in the light-cone of a (4,1) de Sit-
ter Space [2, 3]. With the advent of the Galilean covari-
ance, it was possible to derive the non-relativistic version
of the Dirac theory, which is known in its usual form as
the Pauli-Schro¨dinger equation. The goal in the present
work is to derive a Wigner representation for such covari-
ant theory.
Wigner quasi-probability distribution (also called the
Wigner function or the Wigner-Ville distribution in
honor of Eugene Wigner and Jean-Andre´ Ville) was in-
troduced by Eugene Wigner in 1932 [4], in order to study
quantum corrections to classical statistical mechanics.
The aim was to relate the wave function that appears
in the Schro¨dinger equation to a probability distribu-
tion in phase space. It is a generating function for all
the spatial autocorrelation functions of a given quantum
mechanical function ψ(x). Thus, it maps the quantum
density matrix into the real phase space functions and
operators introduced by Hermann Weyl in 1927 [5], in a
context related to the theory of representation in math-
ematics (Weyl quantization in physics). Indeed, this is
the Wigner-Weyl transformation of the density matrix;
i.e. the realization of that operator in the phase space.
It was later re-derived by Jean Ville in 1948 [6] as a
quadratic representation (in sign) of the local time fre-
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quency energy of a signal, effectively a spectrogram. In
1949, Jose´ Enrique Moyal [7], who independently de-
rived the Wigner function, as the functional generator of
the quantum momentum, as a basis for an elegant codi-
fication of all expected values and, therefore, of quantum
mechanics in phase space formulation (phase space rep-
resentation). This representation has been applied to a
number of areas such as in statistical mechanics, quan-
tum chemistry, quantum optics, classical optics and sig-
nal analysis in several fields, such as electrical engineer-
ing, seismology, time-frequency analysis for music signals,
spectrograms in biology and speech processing and motor
design. In order to derived a phase space representations
for the Galilean-covariant spin 1/2 particles, we use a
symplectic representation for the Galilei group, which is
associated with the Wigner approach [8–11].
This article is divided as follows. In Section II the
construction of the Galilean Covariance is presented.
The Schro¨dinger (Klein-Gordon-like) equation and Pauli-
Schro¨dinger (Dirac-like) equation are derived showing the
equivalence between our formalism with the usual non-
relativistic formalism are demonstrated. In Section IV a
symplectic structure is constructed in the Galilean man-
ifold. Using the commutation relations, the Schro¨dinger
equation in five dimensions in phase space are con-
structed. With a proposed solution, the Schro¨dinger
equation in phase space is restored to its non-covariant
form in (3+1) dimensions. The explicitly covariant Pauli-
Schro¨dinger equation is derived in Section V. We study
the Galilean spin 1/2 particle with a external potential
and solutions are proposed and discussed. In Section VI,
final concluding remarks are presented.
2II. GALILEAN COVARIANCE
The Galilei transformations are given by
x
′ = Rx+ vt+ a (1)
t′ = t+ b (2)
where R stands for the three-dimensional Euclidian ro-
tations, v is the relative velocity defining the Galilean
boosts, a stands for spacial translations and b, for time
translations. Consider a free mass particle m; the mass
shell relation is given by P̂ 2 − 2mE = 0.
We can then define a 5-vector, pµ =
(px, py, pz,m,E) = (p
i,m,E), with i = 1, 2, 3.
Thus, we can define a scalar product of the type
pµpνg
µν = pipi − p5p4 − p4p5 = P̂ 2 − 2mE = k, (3)
where gµν is the metric of the space-time to be construct,
e pνg
µν = pµ.
Let us define a set of canonical coordinates qµ as-
sociated with pµ, by writing a five-vector in M , qµ =
(q, q4, q5), q is the canonical coordinate associated with
P̂ ; q4 is the canonical coordinate associated with E, and
thus can be considered as the time coordinate; q5 is the
canonical coordinate associated with m explicitly given
in terms of q and q4, qµqµ = q
µqνηµν = q
2− 2q4q5 = s2.
From this q5 = q
2
2t ; or infinitesimally, we obtain δq
5 =
v · δ q2 . Therefore, the fifth component is basically de-
fined by velocity.
That can be seen as a special case of a scalar product
in G denoted as
(x|y) = gµνxµyν =
3∑
i=1
xiyi − x4y5 − x5y4, (4)
where x4 = y4 = t, x5 = x
2
2t e y
5 = y
2
2t . Hence, the
following the metric can be introduced
(gµν) =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 −1
0 0 0 −1 0
 . (5)
This is the metric of Galilean manifold G. In the sequence
this structure is explored in order to study unitary rep-
resentations.
III. HILBERT SPACE AND SYMPLETIC
STRUCTURE
Consider G an analytical manifold where each point
is specified by coordinates qµ, with µ = 1, 2, 3, 4, 5 and
metric specified by (5). The coordinates of each point
in the cotangent-bundle T ∗G will be denoted by (qµ, pµ).
The space T ∗G is equipped with a symplectic structure
via a 2-form.
ω = dqµ ∧ dpµ (6)
called the symplectic form (sum over repeated indices is
assumed). We consider the following bidifferential oper-
ator on C∞(T ∗G) functions,
Λ =
←−
∂
∂qµ
−→
∂
∂pµ
−
←−
∂
∂pµ
−→
∂
∂qµ
(7)
such that for C∞ functions, f(q, p) and g(q, p), we have
ω(fΛ, gΛ) = fΛg = {f, g} (8)
where
{f, g} = ∂f
∂qµ
∂g
∂pµ
− ∂f
∂pµ
∂g
∂qµ
. (9)
It is the poison bracket and fΛ and gΛ are two vector
fields given by hΛ = Xh = −{h, }.
The space T ∗G endowed with this symplectic structure
is called the phase space, and will be denoted by Γ. In
order to associate the Hilbert space with the phase space
Γ, we will consider the set of complex functions of inte-
grable square, φ(q, p) in Γ, such that∫
dpdq φ†(q, p)φ(q, p) <∞ (10)
is a real bilinear form. In this case φ(q, p) = 〈q, p|φ〉 is
written with the aid of∫
dpdq|q, p〉〈q, p| = 1, (11)
where 〈φ| is the dual vector of |φ〉. This symplectic
Hilbert space is denoted by H(Γ).
IV. SYMPLECTIC QUANTUM MECHANICS
AND THE GALILEI GROUP
In this section, we will study the Galilei group, con-
sidering H(Γ) as the space of representation. To do so,
consider the unit transformations U :H(Γ) → H(Γ) such
that 〈ψ1|ψ2〉 is invariant. Using the Λ operator, we define
a mapping ei
Λ
2 = ⋆:Γ × Γ → Γ called as Moyal (or star)
product, defined by.
f ⋆ g = f(q, p)exp
[
i
2
( ←−
∂
∂qµ
−→
∂
∂pµ
−
←−
∂
∂pµ
−→
∂
∂qµ
)]
g(q, p),
it should be noted that we used ~ = 1. The generators
of U can be introduced by the following (Moyal-Weyl)
star-operators:
F̂ = f(q, p)⋆ = f
(
qµ +
i
2
∂
∂pµ
, pµ − i
2
∂
∂qµ
)
.
3To construct a representation of Galilei algebra in H, we
define the following operators,
P̂µ = pµ⋆ = pµ − i
2
∂
∂qµ
, (12a)
Q̂µ = q⋆ = qµ +
i
2
∂
∂pµ
. (12b)
and
M̂νσ = Mνσ⋆ = Q̂νP̂σ − Q̂σP̂ν . (12c)
Where M̂νσ are the generators of homogeneos transfor-
mations and P̂µ of the non-homogeneous. From this set
of unitary operators we obtain, after some simple calcu-
lations, the following set of commutations relations,[
P̂µ, M̂ρσ
]
= −i(gµρP̂ σ − gµσP̂ ρ),[
P̂µ, P̂σ
]
= 0,
and[
M̂µν , M̂ρσ
]
= −i(gνρM̂µσ − gµρM̂νσ + gµσM̂νρ − gµσM̂νρ).
Consider a vector qµ ∈ G that obeys the set of linear
transformations of the type
q¯µ = Gµνq
ν + aµ. (13)
A particular case of interest of these transformation,
given by
q¯i = Rijq
j + viq4 + ai (14)
q¯4 = q4 + a4 (15)
q¯5 = q5 − (Rijqj)vi +
1
2
v2q4. (16)
In the matrix form, the homogeneous transformations are
written as
Gµν =

R11 R
1
2 R
1
3 v
i 0
R21 R
2
2 R
2
3 v
2 0
R31 R
3
2 R
3
3 v
3 0
0 0 0 1 0
viR
i
j viR
i
2 viR
i
3
v
2
2 1
 . (17)
We can write the generators as
Ĵi =
1
2
ǫijkM̂jk,
K̂i = M̂5i,
Ĉi = M̂4i,
D̂ = M̂54.
(18)
Hence, the non-vanishing commutation relations can be
rewritten as[
Ĵi, Ĵj
]
= iǫijkĴk,[
Ĵi, Ĉj
]
= iǫijkĈk,[
D̂, K̂i
]
= iK̂i,[
P̂4, D̂
]
= iP̂4,[
P̂i, K̂j
]
= iδijP̂5,[
P̂4, K̂i
]
= iP̂i,[
D̂, P̂5
]
= iP̂5,
[
Ĵi, K̂j
]
= iǫijkK̂k,[
K̂i, Ĉj
]
= iδijD̂ + iǫijkJk,[
Ĉi, D̂
]
= iĈi,[
Ĵi, P̂j
]
= iǫijkP̂k,[
P̂i, Ĉj
]
= iδijP̂4,[
P̂5, Ĉi
]
= iP̂i.
(19)
This relations form a subalgebra of the Lie algebra of
Galilei group in the case of R3 × R, considering Ji the
generators of rotations Ki and Ci of the pure Galilei
transformations, Pµ the spacial and temporal transla-
tions and D of the kind temporal dilatation (which we
will not discuss here). In fact, we can observe that eqs.
(14) and (15) are the Galilei transformations given by eq.
(1) and (1), with x4 = t. The eq. equationreG− 3 is the
compatibility condition which represents the embedding
I : A→ A =
(
A, A4,
A2
2A4
)
; A ∈ E3, A ∈ G
. The commutation of Ki and Pi is naturally non-zero
in this context, so P5 will be related with mass. Which
is the extension parameter of the Galilei group. That
is an invariant of the extended Galilei-Lie algebra. So
the invariants of this algebra in light cone of de Sitter
space-time are
I1 = P̂µP̂
µ (20)
I2 = P̂5 = −mI (21)
I3 = Ŵ5µŴ
µ
5 . (22)
Where I is the identity operator, m is the mass, Wµν =
1
2ǫµαβρνP
αMβρ is the 5-dimensional Pauli-Lubanski ten-
sor, and ǫµναβρ is the totally anti-symmetric tensor in
five dimensions. In the scalar represantation we can de-
fined I2 = 0. Using the Casimir invariants I1 and I2 and
applying in Ψ, we have:
P̂µP̂
µΨ = k2Ψ
P̂5Ψ = −mΨ
We obtain(
p2 − ip · ∇ − 1
4
∇2 − k2
)
Ψ = 2
(
p4 − i
2
∂t
)(
p5 − i
2
∂5
)
Ψ,
a solution for this equation is
Ψ = e−i2p5q
5
ρ(q5)e−2ip4tχ(t)Φ(q,p). (23)
4Thus,(
p2Φ− ip · ∇Φ− 1
4
∇2Φ− k2
)
1
Φ
=
1
2
(i∂tχ) (i∂5ρ)
1
χρ
,
this yelds
i∂tχ = αχ, and i∂5ρ = βρ.
Thus, our solution for χ and ρ is
χ = e−iαt, ρ = e−iβq
5
. (24)
Using the fact that
P̂4Ψ = (p4 − i
2
∂t)e
−i(2p4+α)t = −E e−i(2p4+α)t,
and
P̂5Ψ = (p5 − i
2
∂5)e
−i(2p5+β)q5 = −me−i(2p5+β)q5 .
We can conclude that
α = 2E, β = 2m. (25)
So, we have
1
2m
(
p2 − ip · ∇ − 1
4
∇2
)
Φ =
(
E +
k2
2m
)
Φ,
which is the usual form of the Schro¨dinger equation in
the phase space for the free particle with mass m, with
an additional kinect energy of k
2
2m , that we can always
set as the zero of energy.
This equation, and its complex conjugate, can also be
obtained by the Lagrangian density in phase space (we
use dµ = d/dqµ)
L = ∂µΨ(q, p)∂Ψ∗(q, p) + i
2
pµ[Ψ(q, p)∂µΨ∗(q, p)
− Ψ∗(q, p)∂µΨ(q, p)] +
[
pµpµ
4
− k2
]
ΨΨ∗.
The association of this representation with the Wigner
formalism is given by
fw(q, p) = Ψ(q, p) ⋆Ψ
†(q, p)
where fw(q, p) is the Wigner function. To prove this, we
recall that the eq. (23) can be written as
P̂µP̂
µΨ = p2 ⋆Ψ(q, p).
Multiplying the right hand side of the above equation
byΨ†, we obtain
(p2 ⋆Ψ) ⋆Ψ† = k2Ψ ⋆Ψ†, (26)
but, Ψ† ⋆ p2 = k2Ψ†, thus
Ψ ⋆ (Ψ† ⋆ p2) = k2Ψ ⋆Ψ†. (27)
Subtracting (27) from (26), we have
p2 ⋆ fw(q, p)− fw(q, p) ⋆ p2 = 0, (28)
which is the Moyal brakets {p2, fw}M . From eq. (12a)
the eq. (28) becomes
pµ∂qµfw(q, p) = 0. (29)
Where the Wigner function in the galilean manifold is a
solution of this equation.
V. SPIN 1/2 SYMPLECTIC REPRESENTAION
In order to study the representations of spin particles
1/2, we will introduce the γµP̂µ, where P̂µ = pµ − i2∂µ
in such a way that acting on the 5-spinor in the phase
space Ψ(q, p), we have
γµ
(
pµ − i
2
∂µ
)
Ψ(p, q) = kΨ(p, q), (30)
which is the galilean covariant Pauli-Schro¨dinger equa-
tion. Consequently the mass shell condition is obtained
by following the usual steps.
(γµP̂µ)(γ
νP̂ν)Ψ(q, p) = k
2Ψ(q, p), (31)
therefore
γµγν(P̂µP̂ν) = k
2 = P̂µP̂ν , (32)
since P̂µP̂ν = P̂ν P̂µ, we have
1
2
(γµγν + γνγµ)P̂µP̂ν = P̂
µP̂ν , (33)
so
{γµ, γν} = 2gµν (34)
The eq. (30) can be derive from the Lagrangian density
for spin 1/2 particles in phase space, which is given by
L = − i
4
(
(∂µΨ¯)γ
µΨ− Ψ¯(γµ∂µΨ)
)
− Ψ¯(k − γµpµ)Ψ.
where Ψ¯ = ζΨ†, withζ = − i√
2
{γ4+γ5} =
(
0 −i
i 0
)
. For
the Galilean covariant Pauli-Schro¨dinger equation case,
the association to the Wigner function is given by fw =
Ψ ⋆ Ψ¯, with each component satisfying eq. (29).
Let us now examine the gauge symmetries in phase
space demanding the invariance of the Lagrangian by a
local gauge transformation given by eΛ(q,p)Ψ. This leads
to the minimum coupling,
P̂µΨ→
(
P̂µ − eAµ
)
Ψ =
(
pµ − i
2
∂µ − eAµ
)
Ψ,
5This describes an electron in an external field, with the
Pauli-Schro¨dinger equation given by[
γµ
(
pµ − i
2
∂µ − eAµ
)
− k
]
Ψ = 0. (35)
In order to illustrate such result, lets consider a electron
in a external field given by Aµ(A, A4, A5), with A4 = −φ
and A5 = 0. Considering the following represantation of
γµ matrices
γi =
(
σi 0
0 −σi
)
, γ4 =
(
0 0√
2 0
)
, γ5 =
(
0 −√2
0 0
)
.
where σi are the Pauli matrices and
√
2 is the identity
matrix 2x2 multiplied by
√
2. We can rewrite the object
Ψ, as Ψ =
(
ϕ
χ
)
, where ϕ and χ are 2-spinors depen-
dents dos xµ;µ = 1, ..., 5. Thus, in the representation
where k = 0, the eq. (35) becomes
σ ·
(
p− i
2
∂q − eA
)
ϕ−
√
2
(
p5 − i
2
∂5
)
χ = 0,
√
2
(
p4 − i
2
∂t − eφ
)
ϕ− σ ·
(
p− i
2
∂q − eA
)
χ = 0.
(36)
Solving the coupled equations we get an equation for ϕ
and χ, and replacing the eigenvalues of P̂4 and P̂5, we
have[
1
2m
(
σ ·
(
p− i
2
∂q − eA
))2
+ eφ
]
ϕ = Eϕ,
[
1
2m
(
σ ·
(
p− i
2
∂q − eA
))2
+ eφ
]
χ = Eχ.
These are the non-covariant form of the Pauli-
Schro¨dinger equations in phase space independent of
time, with
fw = Ψ ⋆ Ψ¯ = iϕ ⋆ χ
† − iχ ⋆ ϕ†,
which leads to
En =
eB
m
(
n+
1
2
− s
2
)
− k
2
2m
where s = ±1. It should be noted that the above ex-
pression represents the Landau levels which shows the
spin-splitting feature.
Figure 1: Wigner Function (cut in q1,p1),Ground State.
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Figure 2: Wigner Function (cut in q1,p1), First Excited State.
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The above figures (1) and (2) shows the Wigner func-
tions for the ground and first excited state respectively
in the cut (q1, p1). These are the same solution known in
the literature using the usual Wigner method.
VI. CONCLUDING REMARKS
We study the spin 1/2 particle equation, the Pauli-
Schro¨dinger equation, in the context of Galilean covari-
ance, considering a symplectic Hilbert space. We be-
gin with a presentation on the Galilean manifold which
is used to review the construction of Galilean covari-
ance and the representations of quantum mechanics in
this formalism, namely the spin and scalar representation
1/2, equation of Schro¨dinger (Klein-Gordon-like) and the
Pauli-Schro¨dinger (Dirac-like) equation respectively.
The quantum mechanics formalism in phase space is
derived in this context of Galilean covariance giving rise
to representations of spin 0 and spin 1/2 equations. For
the spin 1/2 equation, the Dirac-like equation, we study
the electron in an external field. With the solution, we
were able to recover the non-covariant Pauli-Schro¨dinger
equation in phase space and analyse, in this context the
Landau levels.
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